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EXISTENCE OF BOUNDEN NONOSCILLATORY
SOLUTIONS OF CERTAIN NONLINEAR NEUTRAL
DELAY DIFFERENCE EQUATIONS OF SECOND
ORDER

K.V.V.SESHAGIRI RAQO"
T.GOPAL RAO™
ABSTRACT

Non oscillation of a class of nonlinear neutral delay difference equations with positive
and negative coefficients of the form

Ay + p()y(—m)]+ £, ()G, (y(n—k,)) - f, (NG, (y(n—k,)) = f () (E)

is studied. We obtain the sufficient conditions for the existence of a non-oscillatory
solutions of (E) under the assumption

D fi(n)<oo, for i=12

n=0
for ranges of p(n)=1 p(n)=-1 1< p(n) <o & —o< p(n)<-1.
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1. INTRODUCTION:

In this paper we study non oscillation of a class of neutral delay difference equation with

positive and negative coefficients of the form

Ay + pmy(-m+ £, (MG, (y(—k) - MG, (Y k) = F(). (g

where p(n), f,(n), f,(n)are real valued functions defined on
N(n,) ={ny,n, +L,n, +2,n, +3............ }, n,=0 such that f(n)>0,f,(n)>0, G,,G, are
continuous real valued functions. G, and G, are non decreasing and xG,(x) >0 for i=1, 2,
x=0,n>0 and k;,k,,m>0 are integers, A is forward difference operator defined by equation,
Ax(n) = x(n+1) — x(n).

Qualitative behavior of solution of differential equations / difference equations is a subject to

investigators. We refer to [3], and the work of [2], [1] and the references therein.The

corresponding differential equation to the difference equation (1) can be written as

2
dt®

It is to remark that this equation when f,(t)=0,p(t)=0 becomes a second order delay

[y® + pOy -]+ £.OG (¥t —0.)) - f, (G, (y(t-0,)) = f(n). (2)

differential equation and we find numerous results regarding the solutions of this equations.
Several researchers discussed non oscillation and asymptotic behavior of solution of delay and
neutral difference equations of second order. A close observation reveals that the study of
difference equation is more or less similar to that of a differential equation. (See [4], [6], [8], [9]
and [9]). In this recent paper [8,9]. Parhi and Tripathy discussed oscillation and asymptotic
behavior of solution of the equation

Aly(n) - y(n—m)]+ £, (MG, (y(n—k,)) =0, )

when f;(n) <0 or when f,(n)>0 under the condition

ifl(n)zoo.

It is predicted that the oscillation properties are not restricted to the sign of f,. The motivation of

the present work comes under two directions. Firstly due to the above prediction and next due to
the work in [5].
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Where the authors considered the linear neutral differential equation

2

d

47 YO+ pyt=2)+ LOYE-0) - LOY(E-0,) = F(n), 4)

where p=-1 is constant. The discrete analogue of equation (4) is a particular case of our
equation (1).When f(n)=0the existence of non oscillatory solutions was discussed in [11].

And when 0< p(n) <1-1< p(n) <0,—1< p(n) <1 the oscillatory solutions was discussed in[7].

In this present paper we discussed the non oscillation behavior of the solution of some more
ranges of p(n) .

Let p=max{n,k,,k,} and n, be a fixed non negative integer.

By a solution of equation (1), we mean a real sequence y(n) which is defined for all positive
integers n=n, — p and satisfies the equation (1) for n>n,.

If the initial condition

y(n)=A, for n,—p<n<n,, (5)
are given, then equation (1) has a unique solution satisfying the initial condition (5).

As is customary, a solution of (1) is said to be oscillate if for every integer N >0, there exists

and n>N such that y(n)y(n+1) <0. Otherwise, the solution is called no oscillatory.

MAIN RESULT:

We need the following the hypotheses in our discussion:
(H) @ G, e C(R,R), G, isnon decreasing for i=12.
(H,) @ XG;(x)>0 for x=0, i=12.

(H;) @ G;, i=1.2 is Lipschitizain on the interval of the type [a, b], 0<a<b <o,

Hy) @ Y fMm<w for i=12.

n=0

Now we have the following main theorem.
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THEOREM 2.1: Suppose p(n) =-1 and (H,)—(H,) hold. If if(n)<oo. Then there exists

n=0

abounded non oscillatory solution of the equation (1).

Proof: Let O0<b, <1 be such thatb, ;t%.

From hypotheses, we can find N, sufficiently large such that

sz() 1- 2b

n=N;

b

M Zf(n)<

n=N,

Zf(n)<

n=N,

where M, =max{ L, ,G,(b,) }, M, =max{ L,,G,(b,) } and L,,L, are Lipschitz constants

of G, and G, respectively on {1;(?1 , bl}

Let X =1 be the Banach space of all real valued functions x(n), n> N, with supremum norm
| x ||:sup{| x(n)|:n> N, |.

Define

1-b
S ={ X e X: 201 < x(n) <b, , nle},

we see that S is a complete metric space with the metric induced by the norm on X.

For yeS,define
Ty(Mm=Ty(N+p), N, <n<N;+p

0

“y(n-m)+ - b1—Zf1(s)cs (y(s k)

0

+3 1,86, (y(s—k)) + Y F(s), n=N,+p
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Clearly,
Ty(n) <b, L1-2b 1-b 1-2b,
10 10 20
_5+12, b,
20
and
1-b, 1-2b
Ty(n) > L -
ym 10 20
1 1-b
=—> .
20 20
This implies that Ty e S and therefore T :s—s.
Also, for x,yeS,
| Ty =Tx(m) | <]y - X||+ ||y— X+ -
_ 23-6b,
iy,
that is,

ITy(n) —Tx(n) | < 222 6b1|| -X| .

Hence T is a contraction. By the contraction principle, T has a unique fixed point y(n)
. . 1_b1 . ) L . .
in the interval 0 b, |, which is therefore the required non oscillatory solution of

the equation (1).

THEOREM 2.2: Suppose p(n) =1. and (H,)—(H,) hold. If Zf(n)<oo. Then there exists

n=0
abounded non oscillatory solution of the equation (1).

Proof: We can choose a possible a positive integer N, such that

MZf(n)<

n=N;
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= 1-b
MZZfZ(n)< 5 l’
n=N,

2 1-b
f(n) < L
n_ZNll() :

where M, =max{L,, G,(b,) }, M, =max{L,, G,(b)) } andL, L,,are Lipschitz constants of

b, -1
G, and G, on {11—0 1} respectively.

Let X=11" be the Banach space of all real valued functions x(n), n> N, with suprmum norm

| ||:sup{| x(n) |: nle}.
We define,

S={X€X :b1101£x(n)£1, n> Nl}.

It is easy to see that S is a complete metric space, where the metric is induced by norm on X.

For yeS, define
Ty(n) =Ty(N,+p), N, <n<N,+p

1+9b,
10

+i fz(s)Gz(Y(S—kz))-l-i f(s), n=N,+p.

==p(n)y(n—-m)+

DIACIHEEH)

In view of hypotheses, we observe that

1+9b

Ty(n) <= MY 69+ ()

1+0b, 1-b, 1-b,
< - +
10 10 5
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_2-3,
5
and
Ty(n) > —b, + H90 M, >, (s)

>—b1+1+9b1—1_b1:b1_1, for n>N, +p.

10 5 10
Consequently, Tye S, thatis T:S—S.

Further for x € S, consider

1-b, 1-b,
1-b, 2-2b,
(s 2y
_ b +3” 3 ”
7b, +3

ly—x| for every x,yeS.

Thus | Ty(n)—Tx(n) | <

Hence T is contraction. Consequently, T has a unique fixed point y in S. which is solution

of equation (1) in the interval {bllal, 1} and is the bounded non oscillatory solution.

THEOREM 2.3: Suppose 1<b, < p(n)<b, <oo and (H,)—(H,) hold. If if(n)<oo. Then

n=0

the equation (1) admits a non oscillatory and bounded solution.

Proof: Let1<b, < p(n)<bh, <o be such that b, >0, b, >0 and b, <1+3b,. As earlier, from
the hypotheses, it is possible to choose a positive integer N, large enough such that

b -1

M Zf(n)< b,

n=N,

M Zf(n)<

n=N,
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Zf(n)<

n=N,

. : : b, -1
where M,,M,and N, are same as in earlier case on the interval { 22 , }

Let X=1"" be the Banach space of all real valued functions x(n), n> N, with supremum norm

| ||=sup{| x(n) |: nle}.

Let Sz{XeX:bz_léx(n)Sw, nZNl}.

Define a mapping T as

Ty(n)=Ty(N,+p), N,<n<N,+p

3“’ ), if(s)e (y(s—k))

=—p(n)y(n-m)+

+Zf2(s)G2(y(s—k2))+Zf(s), n=N, +p.
For yeS and n=N, + p,

Ty(n)<-h, + 3(b 1) 22 f,(s)+ 2 f(n)

3, —1)+b2 = |
4 4 4

and

3b,-1) (h,-1
Ty(n) >-b 2 J_ |2 "
y(n) , T 1 ( 1 1]

b, -1
5
Consequently, Tye S, thatis T:S—S.

2
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Further for x € S, consider

b, -1 b, -1
[Ty =Tx(m) | < by |y =]+ ( =2,==by Jly—x|+=2—=y—>]

b, -1 b -1
s(bz+ = j||y |

Thus | Ty(n)—Tx(n) | < 7b12+2

ly=x| for everyx,yesS.

Hence T is contraction. Consequently, T has a unique fixed point y in S. which is

solution of equation (1) in the interval{bzz_l, } ; and is the bounded non oscillatory

solution.

THEOREM 2.4: Suppose —oo<b, < p(n)<b, <-1 and (H,)—(H,) hold. If Zf(n)<oo.

n=0

Then the equation (1) admits a non oscillatory and bounded solution.

Proof: Let —oco<b, < p(n) <b, <—1 be such that b, <0,b, <0 and b, <1+3b,. As earlier,

from the hypotheses, it is possible to choose a positive integer N, large enough such that

MZf()

n=N,

b+1

MZf()

n=N,

Zf()

n=N,

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [o]SI-HUECETE as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Engineering & Scientific Research
http://www.ijmra.us



- M Volume 4, Issue 7 SSN: 2347-6532

. . . -1
where M,,M,and N, are same as in earlier case on the interval {blz ,1]

Let X=1 " be the Banach space of all real valued functions x(n), n> N, with supremum norm

| x ||=sup{| x(n) |: n=N, }

Let

S:{XEX :bz;lsx(n)ﬂ, n> Nl} :

Define a mapping T as

Ty(n) =TY(N1 +p), N, <n<N,+p

——p)y(-m)+ D S ()6, (y(s k)
4 =

3 L0, (k) 36, Nz N, 4 p.

For yeS and n>N, +p,

Ty(n)s—b1+@+mzi £,(5)+ > £(n)

-+ 3(b, -1) N b, +1+ b +1
4 4

<

and

Ty(n)> b, + 3('“14 = —(blil —sz

b, -1
-

>
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Consequently, Tye S, thatis T:S—S.

Further forx € S, consider

b +1
4

b, -1
4

2Ly

| Ty(m) =Tx(n) | < b, Jy—x|+( 2

b, Jly—x|+

v

S[b1+bl+l—b2+
4

6b, +2
S(®r2-b, v«

SCA%fswy_w

7b, +4
2

Thus | Ty(n)—Tx(n)| < ly—x| for every x,yeS.

Hence T is contraction. Consequently, T has a unique fixed point y in S. which is solution

of equation (1) in the interval {b12—17 1} ; and is the bounded non oscillatory solution.
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